A previously tested differential equation method for generating low temperature series expansion for diagonal spin-spin correlation functions in the d = 2 Ising model is extended to generate the non-universal terms for arbitrary separation of the spins.This extends the earlier calculations of these correlation functions.
The two-dimensional Ising model is one of the very few exactly soluble systems [1] .Many thermodynamic functions for this system have been calculated(exactly or approximately) for this system in classic papers long time ago [2, 3] .Among the interesting objects of this model are the (static) spin-spin correlation functions < σ 00 σ mn > [4] .A few years ago, the author in a collaboration , used a differential equation approach to the diagonal correlation functions S n =< σ 00 σ nn > of this model obtaining the solutions as high and low temperature series expansions in suitable expansion variables [5] . Although the high temperature expansions generated this way were very successful in getting the exact coefficients for arbitrary n,the low temperature expansion was not very successful as it was realised that these expansions have a universal part which comes from the series for the exact expression for the spontaneous magnetisation of the system,and the rest of the expansions have a non-universal character i.e. they depend on the particular value of n.In that paper we did not say anything about how to go about calculating these non-universal terms. Soon afterwards, the same authors calculated the exact expressions for these correlation functions for values of n upto n = 6 [6] . However these expressions become more and more complicated as the value of n grows and because of this , these were given only for values of n upto n = 5 in the publication at that time. It is clear that if we want to write down the expressions exactly for large values of n the computation time and the labour involved starts becoming unmanageable.Hence it seems worthwhile to look for a method for calculating these non-universal terms in the low temperature series expansion. At the same time ,to the author's knowledge, there exists no systematic method for calculating the low temperature expansion for these correlation functions. The purpose of this paper is to show how we can calculate these very terms by the same differential equation approach that we had presented earlier. For the exact coefficients for the high temperature series for these correlation functions the reader is referred to [5] . In this short communication we follow the conventions adopted in our earlier paper to avoid any confusion in the results.
We take the Hamiltonian for the model to be
where J 1 and J 2 are the exchange constants of the model. Letβ = (k B T ) −1 and as usual define
applicable for T > T c ,and
applicable for T < T c , where T c is the critical temperature of the model, which is given by
The analysis then proceeds as follows. The variable t is defined as
If S n,∓ are defined to be < σ 00 σ nn > for T < T c and T > T c respectively and we define two related functions by
Jimbo and Miwa showed that σ n = σ n,± (t)satisfy the ordinary differential equation [7] [t(t − 1)σ
It was shown in Ref. [5] that if we consider the high temperature phase then we can generate the series expansion for the spin-spin correlation functions rather easily,as there are graphical methods available for these expansions which give us the first term in the series with a little bit of combinatorics and then many terms of the series can be generated recursively using the differential equation. The program was very successful when carried out this way. However when the same equation was applied to the low temperature phase of the theory for a series expansion,beginning with the first term as 1(which is the appropriate term for zero temperature) it ran into a problem.The recursive procedure gave us an expansion
where µ ν is the binomial coefficient in the expansion of the square of spontaneous magnetisation, given by
and the terms of the order k 2l+2 < in equation(9) depend on the specific value of n. Because of some reasons , the calculation of the n dependent terms could not be carried out at that time. Although we think that they carry important information about the detailed nature of spin-spin correlations along the diagonal.
The reason for our failure at that time was the fact that once we take the series and substitute it into the equation the coefficients of the terms of the order k (2l+2) < and k (2l+4) < get coupled together in the same term along with the other coefficients.This makes it impossible to determine the first n dependent term in the series without recourse to some other information.
Fortunately a closer examination after all these years has revealed that the first n dependent term in the low temperature expansion of S n,− is given by the expression
Where S n,− is given by
This relation 1 has been tested for n ≤ 6 and is conjectured to hold for arbitrary n.Armed with this information we go on to calculate the series for S n,− for values of n upto 10.It is seen that with this value of the coefficient, the series can be generated term by term, and this can not be done for the other possible values of the coefficient that we can try.However the most important criterion for choosing this function as the correct value of the above term is the fact that it gives the correct coefficients for all the subsequent terms of the series for known exact correlation functions. We carry out the expansion for the first thirty terms in series from n = 6 to n = 10. The expressions for these functions upto n = 5 have been omitted because the exact expressions for these are rather simple in this case, and are already available in the literature.
C n,m = 0, f or m = odd no.
(13) n = 6
1 This relation seems to imply the equality
It will be very nice to have an analytic proof of this equality, but we do not have it at present. We have stopped at the terms of the order k 30 < in all these expansions. But if needed these series can be continued to higher powers of k < .
Thus in this paper we have given a scheme of calculating the low temperature expansions of the diagonal correlation functions in the two-dimensional Ising model and we hope that this method will be useful in getting information about similar quantities in other models for which one can write down differential equations.
